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4. The maximum angle at which a body can repose (sleep) is called Angle of repose. This is
equal to the angle of friction.

5. The inverted cone with semicentral angle equal to the angle of friction is called Cone of
friction.

Important Formulae

F
1l p= N’ where F is limiting friction, N is normal reaction and p is coefficient of friction.
2.6=9¢

= tan™'y, where 6 is angle of friction, ¢ is angle of repose and p is coefficient of
friction.

uestions

Theory:
1. State the laws of dry friction.
2. Define the terms: (i) Coefficient of friction, (i) Angle of friction and (iii) Cone of friction.

Problems

1. A pull of 180 N applied upward at 30° to a rough horizontal plane was required to just
move a body resting on the plane while a push of 2000 N applied along the same line of
action was required to just move the same body downwards. Determine the weight of the
body and the coefficient of friction.

[Ans. W =990 N; u = 0.1722]

2. The block A shown in Fig. 10.16 weights 2000 N. The cord attached to A passes over a
frictionless pulley and supports a weight equal to 800 N. The value of coefficient of
friction between A and the horizontal plane is 0.35. Solve for horizontal force P: 1) if
motion is impending towards the left, and (2) if the motion is impending towards the
right.

[Ans. (1) 1252 N; (2) 132.82 N]

I

800N

o
4 30

P+ 2000N

Fig. 10.16
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3. A 3000 N block is placed on an inclined plane as shown in Fig. 10.17. Find the maximum
value of W for equilibrium if tipping does not occur. A ssume coeficient of friction as 0.2.
[Ans. 2636.15]

Frictionless
7 _A Puil
3000N ) Y

UM - - - e e o e e A Lo S et i

Fig. 10.17

30°

4. Find whether block A is moving up or down the plane in Fig. 10.18 for the data given
below. Weight of block A = 300 N. Weight of block B = 600 N. Coefficient of limiting
friction between plane AB and block A is 0.2. Coefficient of limiting friction between
plane BC and block B is 0.25. Assume pulley as smooth.

[Ans. The block A is stationary sin F developed < F

min]

Fig. 10.18

5. Two identical blocks A and B are connected by a rod and they rest against vertical and
horizontal planes respectively as shown in Fig. 10.19. If sliding impends when 0 = 45°,
determine the coefficient of friction, assuming it to be the same for both floor and wall.

[Ans. 0.414]

l
i
1
I
'

Fig. 10.19
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6. Determine the force P required to start the wedge as shown in Fig. 10.20. The angle of

friction for all surfaces of contact is 15°.
[Ans. 26.6784 kN]

2
l e 2.5kN
100kN
75°
¥
Fig. 10.20

7. Two blocks A and B weighing 15 kN and 3 kN, respectively, are held in position against
an inclined plane by applying a horizontal force P as shown in Fig. 10.21. Find the least
value of P which will include motion of the block A upwards. Angle of friction for all
contact surfaces if 12°.

[Ans. 9.69 kN]

/ <

P> B
75°

Fig. 10.21

8. Find the horizontal force P required to push the
block A of weight 150 N which carries block B of
weight 1280 N as shown in Fig. 5.22. Take angle of
limiting friction between floor and block A as 14° B
and that between-vertical wall and block B as 13°
and coefficient of limiting friction between the
blocks as 0.3. 15°

[Ans.P=13316N] | —FE a4 k—»r

Fig. 10.22
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9. The level of a precast beam weighing 20,000 N is to be adjusted by driving a wedge as

shown in Fig. 10.23. If coefficient of friction between the wedge and pier is 0.35 and that
between beam and the wedge is 0.25, determine the minimum force P required on the
wedge to make adjustment of the beam. Angle of the wedge is 15°.
(Hint: Vertical component of reaction on wedge at contact with beam = 1/2 vertical load
on beam = 10,000 N). '

[Ans. 9057.4 N]

5°

W=20,000 N

r¢— Pier

10.

11.

Fig. 10.23
A ladder 5 m long rests on a horiontal ground and leans against a smooth vertical wall at
an angle of 70° with the horizontal. The weight of the ladder is 300 N. The ladder is on
the verge of sliding when a man weighing 750 N stands on a rung 1.5 m high. Calculate
the coefficient of friction between the ladder and the floor.

[Ans. p = 0.1837]
A 4 m ladder weighing 200 N is placed against a vertical wall is shown in Fig. 10.24. As
a man weighing 800 N, reaches a point 2.7 m from A, the ladder is about to slip.

Assuming that the coefficient of friction between the ladder and the wall is 0.2, determine
the coefficient of friction between the ladder and the floor.

[Ans. 0.3548]

Fig. 10.24
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Moment of inertia of an area is another important property of cross-sections of the members like
beam column and many mechanical components. Determination of moment of inertia of the plane
areas is of great importance in the study of subjects like strength of materials, structural designs
and machine designs. In this chapter the terms moment of inertia, polar moment of inertia and
radius of gyration are defined and explained. The two important theorems, namely,
perpendicular axis theorem and parallel axis theorem are stated and derived. Then derivation of
expressions for simple figures like rectangle, triangle and circular sections are carried out by
method of integration. Using these standard expressions, moment of inertia of composite areas is
evaluated for a number of sections.

11.1 MOMENT OF INERTIA OF PLANE FIGURE

Consider the area shown in Fig. 11.1(a). dA is an elemental area with coordinates as x and y. Then
the term X y?dA is called moment of inertia of the area about x-axis and is denoted by I.. Thus

L= Y ydA Eqn. (11.1)
Similarly, the moment of inertia about y-axis is
I, =Y ¥dA Eqn. (11.2)

In general, if r is the distance of elemental area dA from the axis AB [Ref. Fig. 11.1(b)], the sum
of the terms r°dA to cover the entire area is called moment of inertia about the axis AB. If r and dA
can be expressed in general form for an element in the plane area, then the sum becomes an
integration with the suitable limits to cover the entire area. Thus,

L= Y rdA = §r2dA Eqn. (11.3)



[162[ ELeMeNTS OF CiviL ENGINEERING & ENGINEERING MECHANICS

7

AY .
i

dA !

X ) !
A B :

r I

i ) |

0 X
(a) f (b) !

.

Fig. 11.1

The term rdA may be called as moment of area, a term similar to moment of a force, and
hence r*dA may be called as moment of moment of area or the second moment of area. Thus, the
moment of inertia of a plane figure is nothing but second moment of area. In fact, the term second
moment of area appears to correctly signify the meaning of the expression 2r’dA. The term
moment of inertia is rather a misnomer. However, the term moment of inertia has come to stay
for long time and hence it will be used in this book also.

Though moment of inertia of plane is a purely mathematical term, it is one of the important
properties of areas. The strength of members subject to bending depends on the moment of inertia
of its cross-sectional area. Students will find this property of area very useful when they study
subjects like strength of materials, structural design and machine design.

The moment of inertia is a fourth order term in linear unit since it is a term obtained by
multiplying area by the square of the distance. Hence, in SI units, if metre (m) is the unit for linear
measurements used then m* is the unit of moment of inertia. If millimeter (mm) is the unit used
for linear measurements, then mm* is the unit of moment of inertia. In MKS system m* or cm* and
in FPS system ft* or in* are commonly used as units for moment of inertia.

11.2 POLAR MOMENT OF INERTIA

Moment of inertia about an axis perpendicular to the plane of an area is known as polar moment
of inertia. It may be denoted as ] or .. Thus, the moment of inertia about an axis perpendicular
to the plane of the area at O in Fig. 11.2 is called polar moment of inertia at point O, and is given
by -

AY
I,=) rdA Eqn. (11.4)
[ X v/
11.3 RADIUS OF GYRATION ‘
Radius of gyration is a mathematical term defined by the relation r y
k= L Eqn. (11.5 l .
A qn. (11.5) |0 ¥

Fig. 11.2
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where k = radius of gyration
I = moment of inertia
and A = the cross-sectional area.
Suffixes with moment of inertia I also accompany'the term radius of gyration k.

Thus, we can have,

[A
[ ]
o - [T T
XX
4 !
; k
k = ,Il’i |
vy A | l
! Axis

kup = ’ﬂi Fig. 11.3
A
and so on. '

The relation between radius of gyration and moment of inertia can be put in the form:
I=Ak? Eqn. (11.6)
From the above relation a geometric meaning can be assigned to the term ‘radius of gyration’.

We can consider k as the distance at which the complete area is squeezed and kept as a strip of
negligible width (Fig. 11.3) such that there is no change in the moment of inertia.

11.4 THEOREMS OF MOMENTS OF INERTIA

There are two theorems of moment of inertia:
(1) Perpendicular axis theorem, and
(2) Parallel axis theorem.
These are explained and proved below.

Perpendicular Axis Theorem

The moment of inertia of an area about an axis perpendicular to its plane (polar moment of
inertia) at anv point O is equal to the sum of moments of inertia about any two mutually
perpendicular axes through the same point O and lying in the plane of the area.
Referring to Fig. 114, if z ~ z is the axis normal to Ny
the plane of paper passing through point O, as per this i
theorem,
L,=I,.+1I, - Eqn. (11.7)
The above theorem can be easily proved. let us
consider an elemental area dA at a distance r from O.
Let the coordinates of dA be x and y. Then from | r

definition: /
I,=Y rdA o ]

Fig. 11.4

— <
y
>
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=) (X +y)dA
=) A+ Y A

L.= L, +1,, since Y x’dA =1, and Y y'dA =1,

Parallel Axis Theorem

Moment of inertia about any axis in the plane of an area is equal to the sum of moment of inertia
about a parallel centroidal axis and the product of area and square of the distance between the
two parallel axes. Referring to Fig. 11.5, the above theorem means:

Lig = Igc + Ay? Egn. (11.8)

where
1,5 ~ moment of inertia about axis AB,
I - moment of inertia about centroidal axis GG parallel to AB,
A - the area of the plane figure given, and
y. - the distance between the axis AB and the parallel centroidal axis GG.
Proof: Consider an elemental parallel strip dA at a distance y from the centroidal axis (Fig. 11.5).

Then, Lg= Y (v +y)dA

=2+ 2y +y3)dA

=Y A+ Y 2yy dA+ Y yidA
Now,
Z y*dA = Moment of inertia about the axis GG‘ G '}
=Ice
2 2yy dA = 2%2 ydA
=2y A zydA A B ‘

Fig. 1.5

A
Y yda
2 is the distance of centroid from the reference

In the above term 2y A is constant and

L is zero and hence the term X2yy dA

axis GG. Since GG is passing through the centroid itself

is zero.
Now, the third term,
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Y yldA=y2Y dA

= Ay?

Lig = Ioc + Ay;
Note: The above equation cannot be applied to any two parallel axes. One of the axes (GG) must
be centroidal axis only.

11.5 MOMENT OF INERTIA FROM METHOD OF INTEGRATION

For simple figures, moment of inertia can be obtained by writing general expression for an
element and then carrying out integration so as to cover the entire area. This procedure is
illustrated with the following three cases:

(1) Moment of inertia of rectangle about the centroidal axis

(2) Moment of inertia of a triangle about the base

(3) Moment of inertia of a circle about a diametral axis.
Moment of Inertia of a Rectangle about the Centroidal Axis - Consider a rectangle of width b and
depth d (Fig. 11.6). Moment of inertia about the centroidal axis x - x parallel to the short side is
required.

Consider an elemental strip of width dy at a distance y from the axis. Moment of inertia of the
elemental strip about the centroidal axis xx is:

= ysz
= ybdy

S

d
2z i
L= Iyzbdy QY S —.
d
-2

‘<-—-H*-§.

T
—
1
v

Il
o>
| S—|
W=,
I
X
e
& — e
>

e b —

f2.0) :

o L ;H

Moment of Inertia of a Triangle about its Base - Moment of inertia of a triangle with base width b and
height h is to be determined about the base AB (Fig. 11.7).

Consider an elemental strip at a distance y from the base AB. Let dy be the thickness of the
strip and dA its area. Width of this strip is given by:
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—{" dy Y/ sarnsi T 77777777777 LTI h
T -
1 |
Al b :{ B
(th-y)
b, = ~—2~Xb
! h

Moment of inertia of this strip about AB
= ysz

=y2b1dy
=yz____(h;y) x bx dy

- Moment of inertia of the triangle about AB,

h
I =me—wwy
AB ‘h

0

12
Moment of Inertia of a Circle about its Distance Axis - Moment of inertia of a circle of radius R is
required about its diametral axis as shown in Fig. 11.8.
Consider an element of sides 7d8 and dr as shown in the figure. Its moment of inertia about
the diametral axis x - x:
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= ysz

= (r sin 0)* rd0 dr .

=’ sin’ 0 do dr i
<~ Moment of inertia of the circle about x - x is given by

e N
[ d g

R2n
L= [ [sinedodr
00

Fig. 11.8

_2n RrR?
8
-
4
If d is the diameter of the circle, then
rR=14
2
n(d)
=72
[ =™ _mRY
xx 64 4

11.6 MOMENT OF INERTIA OF STANDARD SECTIONS
Rectangle-Referring to Fig. 11.9
_bd o
(@ I,= 1 as derived in Sec. 11.5.

3
® I,= b can be derived on the same lines.
Y12



—

(c) About the base AB. From parallel axis
theorem, : ~

IAB = Ixx + Ay%

3 2 '

=Pii_+bd(£)' sinceyC:_d.

12 2 » 2

bd® | bd
= — o ——

12 4
b

3

Hollow Rectangular Section - Reférring to Fig.
11.10, : :

Moment of inertia I,
= Moment of inertia of larger rectangle

- Moment of inertia of hollow

_BD” _bd" _ 1 Bp?- ba?)
EEETIRETINET)

Triangle - Referring to Fig. 11.11
(a) About the base:
As found in Sec. 11.5

bk
Jan = —
4B = o
(b) About centroidal axis, x - x ‘parallel to

base:
From parallel axis theorem,
= 2
IAB =l + Ay ¢
Now, y, the distance between the non-
centroidal axis AB and centroidal axis x - x, is

h
alto —.
equal to =

ELEMENTS OF CIviL ENGINEERING & ENGINEERING MECHANICS

Fig. 11.10

Fig. 11.11
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b’

= Ixx —_—

18

o120 18
_
36

Circle about any Diametral Axis
4

- % (as found in Sec. 11.5)

Hollow Circle - Referring to Fig. 11.12. Fig. 1112

I, = Moment of inertia of a solid circle of diameter D about AB minus Moment of inertia of a
circle of diameter d about AB. That is,

_ D' md'
64 64
n

=T (pt_ gt == R - A
G -a9=F ® -
Moment of Inertia of a semicircle. (a) About Diametral Axis:

If the limit of intergration is put as 0 to n instead of 0 to 2r in the derivation of the moment of
inertia of a circle about diametral axis (Ref. Art. 11.5) the moment of inertia of semicircle is
obtained. It can be observed that the moment of inertia of a semicircle (Fig. 11.12(a)) about the
nd’ _nd

64 128
(b) About centroidal axis x - x. Now, the distance of centroidal axis y, from the diametral axis is
given by:

diametral axis AB = %x

_4R_2d

3n  3n

c

]

2 2
and, Area A nd %

1
—_— X —=
2 4

IAB = Ixx + A.'/zc

4 2 2
nd I +1td x(z—d)

128 * 8 \3=x
Fig. 11.12(a)
Comdt
* 128 18n

= 0.0068598 d* = 0.11+*



Moment of inertial of a quarter of a circle — (a) about the base:

If the limit of intergration is put as 0 to 2 instead of 0 to 2x in the derivation for moment of

inertial of a circle (Ref. Art. 11.5), the moment of inertia of a quarter of a circle is obtained. It can
be observed that moment of inertia of the quarter of circle about the base AB

_lmd _nd nd
4

256 16

(b) About centroidal axis x - x
Now, the distance of centroidal axis y, from the base is given by:

= 4r_2d

° 3n 3n
2 2
and the area A= 1 Eﬂ_ = E
4 4 16

From parallel axes theorem,

IAB = Ixx + A]/%

Egi =] + ndz(_z_g)z

%6 16 \3n
2 2 | —— s
L= _ % _000343 &* = 0.055r"
256 36m Fig. 11.12(b)

The moments of inertia of common standard sections are presented in Table 11.1.

Table 11.1 Moment of Inertia of Standard Sections

Shape Axis Moment of Inertia
de
Rectangle (a) Centroidal axis x — x b= 23
¥ ot axi db’
b) Centroidal axis y - o= 22
- . 3
X * ) ¢ (©)A-8 1= 20
zii_ 3
Aleb2wieb2+ B
'Y

Table 11.1 Contd.
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Table 11.1 Conid.

3 3

Hollow Rectangle Centroidal axis x — x by = B0 1—2 bd
3
Triangle (a) Centroidal axis x — x I = %hé—
3
(b) Base AB I = 2
12

. . . d4
Ircie iametral axis 64
i= n_r‘_ = nd*
v 4 64
A - B
=
Hollow Circle Diametral axis I= % (D* - %)
n T
I= —(R*~r")= —(D*-d*
FR-r)=g( )
. nd*
Semi Circle (a)A-B Ig= 128
{b) Centroidal axis I, = 0.0068598 d*
=0.41r*

Table 11.1 Contd.
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Table 11.1 Contd.

xd*
i — {ip = —
Quarter of a Circle (a)A-B 8
(b) Centroidal axis x - x 1, = 0.00343 o*
=0.055r*

11.7 MOMENT OF INERTIA OF COMPOSITE SECTIONS

Beams and columns having composite sections are commonly used in structures. Moment of
inertia of these sections about an axis can be found by the following steps:
(1) Divide the given figure into a number of simple figures.
(2) Locate the centroid of each simple figure by inspection or using standard expressions.
3 Fmd the moment of inertia of each simple figure about its centroidal axis. Add the term
Ay® where A is the area of the simple figure and y is the distance of the centroid of the
simple figure from the reference axis. This gives moment of inertia of the simple figure
about the reference axis.
(4) Sum up moments of inertia of al simple figures to get the moment of inertia of the
composite section.
The procedure given above is illustrated below. Referring to Fig. 11.13, it is required to find
out the moment of inertia of the section about axis A - B.
(1) The section in the figure is divided into a rectangle, a triangle and a circle. The areas of
the simple figures A;, A, and A; are calculated.

Fig. 1113
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(2) The centroids of the rectangle (g;), triangle (g,) and circle (g;) are located. The distances

Y1, ¥, and y; are found from the axis AB.

(3) The moment of inertia of the rectangle about its centroid (Iy1) is calculated using standard
expression. To this, the term A,y is added to get the moment of inertia about the axis AB

as:
L=1,+ Ay}

Similarly, the moments of inertia of the triangle (I, = I, + A,y3) and of circle (I; = L+ Azy )

about axis AB are calculated.

(4) The moment of inertia of the composite section about AB is given by:

Lp=L+L+L

In most engineering problems, moment of inertia about the centroidal axis is required. In

such cases, first locate the centroidal axis as discussed
in Art. 7.7 and then find the moment of inertia about
this axis.

Referring to Fig. 11.14, first the moment of area
about any reference axis, say AB, is taken and is
divided by the total area of the section to locate
centroidal axis x ~ x. Then the distance of centroid of
individual figures y,,, y.,, and y ; from the axis x - x
are determined. The moment of inertia of the composite
section about the centroidal axis x - x is calculated
using the expression:

Lo =In + Ayl + I+ Ayyly + Iy + Asy’s Eqn. (11.10)

It A+ A 4+ Ay Ean. (119)
Va3
Flot N\
xT """""""""" XX Ya ¥"
.gl Ye2
i g .gz
Fig. 11.14

Sometimes the moment of inertia is found about a
convenient axis and then using parallel axis theorem, the
moment of inertia about centroidal axis is found.

In the above example, the moment of inertia I, is
found and ¥, the distance of CG from axis AB, is
calculated. Then from parallel axis theorem,

IAB = Ixx + Ayz
Ixx =lap - Ay 2
where A is the area of composite section.

Example 11.1 Determine the moment of inertia of the
section shown in Fig. 11.15 about an axis passing

through the centroid and parallel to the topmost fibre of |

the section. ' :

Also determine moment of inertia about the axis of
symmetry. Hence find radii of gyration.
Solution. The given composite section can be divided
into two rectangles as follows:

Area A; =150 x 10 = 1500 mm?

e S—

Fig. 11.4°
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Area A, = 140 x 10 = 1400 mm’
Total Area A = A, + A, = 2900 mm’

Due to symmetry, centroid lies on the symmetric axis y - .
The distance of the centroid from the topmost fibre is given by:

Yy

_ Sum of moments of the areas about the topmost fibre
Total area

}500 x 5 + 1400 (107:7‘9)7
2900
41.2 mm

Referring to the centroidal axes x - x and y - y, the centroid of A; is g; (0.0, 36.2) and that of
A, is g, (0.0, 38.8). '
Moment of inertia of the section about x - x axis I, = Moment of inertia of A, about x - x

axis + moment of inertia of A, about x ~ x axis.

3 3
1= 10107 45062y + 22X 4 14000388y

2 12

ie, I, = 6.372 x 10° mm* Ans.
Similarly,
3 3

= 10x150° 140x10° _ 5 824 x 10° mm* Ans.
w12 12

Hence, the moment of inertia of the section about an axis passing through the centroid and
parallel to the topmost fibre is 6.372 x 10° mm* and moment of inertia of the section about the axis
of symmetry is 2.824 x 10° mm*.

The radius of gyration is given by:

k., = /LA_
_ [6372x10°

V2900
k., =469 mm Ans.

,2.824 x10°
k = — e
v 2900

kyy = 31.2 mm Ans.

Similarly,
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L

Example 11.2 Determine the moment of inertia of the L-section shown in Fig. 11.16 about its
centroidal axes parallel to the legs. Also find the polar moment of inertia.

Solution. The given section is divided into two rectangles A, and A.,.
Area A, = 125 x 10 = 1250 mm?
Area A, =75 > 10 = 750 mm?
Total Area = 2000 mm?
First, the centroid of the given section is to be located.

Two reference axes (1)-(1) and (2)-(2) are chosen as shown in Fig. 11.16.
The distance of centroid from the axis (1)-(1)

Sum of moments of areas A; and A, about (1)-(1) @
L
Total area o .
+ |
. _1250x5+750(10+ %) &
Le, x = — ;44! :
2000 !
= 20.94 mm ‘l
Similarly, the distance of the centroid from the 125 glli
axis (2)-(2) y
,,,,,,,,,,,,,, 50 I S
_l__1250x%-5~+750x5 |x 4 x
I 2000 A 1
= 2)— T
40.94 mm @ e e R T
With respect to the centroidal axes x-x and y-v, (
the centroid of A, is g; (15.94, 21.56) and that of A, is -
2> (26.56, 35.94). Fig. 11.16

I, = Moment of inertia of A; about x-x axis

+ Moment of inertia of A, about x-x axis

3 3
= 10XA27 50 x 21562 + 22220 4 750 39.942
ie, I, = 3.4113 x 10°* mm* Ans.
Similarly,
3 E 3
1, = 2210 4 1250 x 15.942 + % + 750 x 26567
ie., I,, = 1.2086 x 10° mm* Ans.
Polar moment of inertia -~ =1, + 1,

= 3.4113 x 10° + 1.2086 x 10°
I, = 4.6199 x 10° mm* Ans.
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Example 11.3 Determine the moment of inertia of the | v ]

symmetric I-section shown in Fig. 11.17 about its centroidal — 200 ——1——»ly |

axesx -xand y - y. L Ng -— g%
Also, determine moment of inertia of the section about a : ! i

centroidal axis perpendicular to x - x axis and y - y axis. i 1167

Solution. The section is divided into three rectangles A;, A,, 230 > :hh

and Aj. T e TR

Area, A, = 200 x 9 = 1800 mm?’ 4,

Area A, = (250 - 9 x 2) x 6.7 = 1554.4 mm? ;
Area A3 = 200 x 9 = 1800 mm’ '
Total Area A = 5154.4 mm?* i S,

|
The section is symmetrical about both x - x and y ~ y axes. -

Therefore, its centroid will coincide with the centroid of rectangle A,.

With respect to the centroidal axes x - x and y - y, the centroid of rectangle A, is
£ (0.0, 120.5), that of A, is g, (0.0, 0.0) and that of A; is g; (0.0, 120.5).

I, = Moment of inertia of A; + Moment of inertia of A,

Fig. 11.17

+ Moment of inertia of A; about x - x axis

3 2 3
= 20X97 1800 x 12057 + STXBZ o4 200X9 1800012052
12 12
I = 59.2692 x 10° mm* Ans.
Similarly,
9%200° 232x67°  9x200°

I, = + +

w12 12 12
I,, = 12.0058 x 10° mm* Ans.

Moment of inertia of the section about a centroidal axis perpendicular to x - x and y - y axes
is nothing but polar moment of inertia, and is given by:

Izz = Ixx + Iyy
= 59.2692 x 10° + 12.0058 x 10°
I,, = 71.2750 x 10° mm* Ans.

Example 11.4 Compute the second moment of area of the channel section shown in Fig. 11.18
about centroidal axes x - x and y - .

Solution. The section is divided into three rectangles A;, A, and A,.
Area A; = 100 x 13.5 = 1350 mm?
Area A, = (400 - 27) x 8.1 = 3021.3 mm?
Area A; = 100 x 13.5 = 1350.00 mm®

Total Area A = 5721.3 mm’
The given section is symmetric about horizontal axis passing through the centroid g, of the
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rectangle A,. A reference axis (1)-(1) is chosen as shown in Fig. 11.18.

The distance of the centroid of the section from (1)-(1) (? 12:[3 s
8.1 E & 4
1350 x 50 + 3021.3 x — + 1350 x 50 plabe !
= A '
5721.3 8.1
= 2573 mm i

With reference to the centroidal axes x - x and y - y, the centroid of
the rectangle A is g; (24.27, 193.25), that of A, is g, (21.68, 0.0) and that of |
Ajz is g5 (24.27, 193.25). |

><-
§

I, = Moment of inertia of A;, A, and A; about x - x ; 4
L4

3 3 3 s } d
_ 100 x13.5 +1350 x 193.252 + 8.1x373 + 100x13.5 +1350 x 193.252 Y : }‘83 ]

12 12 12 |
8 4 @
I, =1.359 x 10° mm 7 L
Ans. , ) Fig. 11.18
Similarly,
3 3 3
I, = 22x100° T+ 1350 x 2427 + -————-3731"28'1 + 30213 x 21,68 + 220+ 1350 x 2427

I, = 5277 x 10° mm*

Example 11.5 Determine the polar moment of inertia v
about centroidal axis of the I-section shown in Fig. 11.19. - — 80 é
Also determine the radii of gyration with respect to x - x 1 e
1 &
and y - y axes. ' > e
Solution. The section is divided into three rectangles 12
as shown in Fig. 11.19. a4
Area A; = 80 x 12 = 960 mm’ 150 X,
Area A, = (150 - 22) x 12 = 1536 mm® X X
Area A; =120 x 10 = 1200 mm’ ! E |
Total area A = 3696 mm? | 4y | e ;
Due to symmetry, controid lies on axis y - y. The o+ I|| 12b l%"‘@ |
bottom fibre (1) - (1) is chosen as reference axis to locate Y '
the centroid. o T -
The distance of the centroid from (1) - (1) Fig. 11.19

_ Sum of moments of the areas of the rectangles about (1) - (1)
Total area of section

960 x (150 - 6) + 1536 x (12 +10) +1200 x 5
3696

= 69.78 mm
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With reference to the centroidal axes x ~ x and y - y, the centroid of the rectangles A, is g
(0.0, 74.22), that of A, is g, (0.0, 4.22) and that of A; is g5 (0.0, 64.78).

3 3 3
J80X12T g van? ¢ Y2XABT e 4002+ 220X L 1000 x 64787
XX
L 12 12 12
I, = 1247 x 10° mm*
12x80° 128x12° 10x120°
= + +
w 12 12 12
= 1.9704 x 10° mm*
Polar moment of inertia =1I, + 1,
=12.47 x 10° + 1.9704 x 10°
= 14.4404 x 10° Ans.
. [12.47 x10°
kxx - — — —
A 3696
_ = 58.09 mm Ans.
o o Ly _ [19704x10°
vy A 3696
= 23.09 mm Ans.

Example 11.6 Determine the moment of inertia of the built-up section shown in Fig. 11.20 about
its centroidal axes and x - x and y - y.

Solution. The given composite section may be divided into simple rectangles and triangles as
shown in Fig. 11.20.

Area A; =100 x 30 = 3000 mm®
Area A, = 100 x 25 = 2500 mm?
Area A; = 200 x 20 = 4000 mm’

Area A, = —;— x 87.5 x 20 = 875 mm’

Area A5 = % x 875 x 20 = 875 mm®

Total area A = 11250 mm?
Due to symmetry, centroid lies on the axis y - y.
A reference axis (1) - (1) is chosen as shown in the figure.
The distance of the centroidal axis from (1) - (1)
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Y
- 100 ————

_ Sum of moments of areas about (1) — (1)

Total area

3000 x 135 + 2500 x 70 + 4000 x 10 + 875(} x 20 + 20) x 2
11250

H

~ 59.26 mm

With reference to the centroidal axes x - x and y - y, the centroid of the rectangle A, is
81 (0.0, 75.74), that of A, is g, (0.0, 10.74), that of A; is g5 (0.0, 49.26), the centroid of triangle A, is
94 (41.66, 32.59) and that of A; is g5 (41.66, 32.59).

3 3 3
L, = 100307, 3000 x 75.742 + % + 2500 x 10.74% + M
3 3
+4000 x 49262 + 272X 20 | gos 30507 + % + 875 x 32,592
I, = 31.5434 x 10° mm* Ans.
3 3 3 3
[ 2 30x100° | 100x25°  20x200° | 20x875 + 875 x 41662
w 12 12 12 36
3
, 20x87.5° + 875 x 41.66°
36
I, = 19.7451 x 10° mm?* Ans.

Example 11.7 Determine the moment of inertia of the built-up section shown in Fig. 11.21 about
an axis AB passing through the topmost fibre of the section as shown.

Solution. In this problem, it is required to find out the moment of inertia of the section about an
axis AB. So there is no need to find out the position of the centroid.
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@ 3T 20
T — I &
380
) 4
— —ma T

4100 Pte— 150 —>i€¢[00-»

Fig. 11.21

The given section is split up into simple rectangles as shown in Fig. 11.21.

Now,
Moment of inertia about AB = Sum of moments of inertia of the rectangles about AB

_ 400x20°
12

3
a0 a0t +| 10210

+100x 10 (20+5)2] x 2

100 x 10°

5 +100x10x(20+10+380+5)2] x 2

7 +10x380x(30+190)2} X2+ {

L,z = 8.0609 x 10° mm* Ans.
Example 11.8 Calculate the moment of inertia of the built-up section shown in Fig. 11.22 about
a centroidal axis parallel to AB. All members are 10 mm thick.

Solution. The built-up section is divided into six simple rectangles as shown in the figure. The

distance of centroidal axis from AB

- Sum of the moments of areas about AB
Total Area

[10 x 380°
+ | —_—

_ XA
A

Now,
TA;¥; =250 %10 x5 + 2 x 40 x 10 x (10 + 20) + 40 x 10 x (10 + 5)

+ 40 x 10 x 255 + 250 x 10 x (10 + 125)
= 4,82000 mm?>
A=2x250x10+40x10x 4
= 6600 mm?
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e 250 - ]
A ‘ | N A !‘ ? B
| Iy
X e X
10
250
10ir_“ v
4 50>
_ DA _ 4,82000
Y A 6600
= 73.03 mm

Now,

Momentof inertia about the
centroidal axis

Sum of moment of inertia of the individual
rectangles about the centroidal axis

I

- 320_121_03 + 250 x 10 x (73.03 - 5)?
" [10 X40° | 0% 10(73.03 - 30)2} x 2
L0 ;‘2103 + 40 x 10(73.03 - 15)2
. }9%593_ + 250 x 10(73.03 ~ 135)?
L 20x10° o 10(73.03 - 255)

I, =50.3994 x 10° Ans.

Example 11.9 A built-up section of structural steel consists of a flange plate 400 mm x 20 mm, a
web plate 600 mm x 15 mm and two angles 150 mm x 150 mm x 10 mm assembled to form a
section as shown in Fig. 11.23. Determine the moment of inertia of the section about the horizontal

centroidal axis.
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Solution. Each angle is divided into two rectangles as shown in i I S
the figure. WEB 600> 15— L

The distance of the centroidal axis from the bottom fibres of ;
the section i

|
|
Sum of the moments of the areas about bottom fibres 600

Total area of the section

_ 2 A T L —
A |

i
|
vy : LY ;
Ae—— 400 ——» & |

Now, ZAy; = 600 x 15 x (% + 20) +140 x 10 x (70 + 30) x 2 LFiange Plate 400 x 20 E
+150X10X(5+20)><2+400x20><10 Fig. 11.23
= 3315000 mm®
A =600x15 + 140 x 10 x 2 + 150 x 10 x 2 + 400 x 20
= 22,800 mm?*

DAY _ 3315000
4 A 22 800
= 145,39 mm

Moment of inertia of section about} {Sum of the moments of inertia of the all

centroidal axis simple figures about centroidal axis

3 3
= -Qﬁi + 600 x 15(145.39 - 320)* + [M +1400(145.39 -100)2} x 2
3 3
+ [1_5(%0— +1500 x (145.39 - 15)2J X2+ @lle)— + 400 x 20 x (14539 - 10)*
1, = 7.45156 x 10° mm* Ans.

Example 11.10 Compute the moment of inertia of the 100 mm x 150 mm rectangle shown in

5

Solution. The rectangle is divided into four triangles as shown in the figure. [The dividing line
between triangles A, and A, is parallel to x - x axis].

Fig. 11.24 about x - x axis to which it is inclined at an angle 8 = s'm'l{éj.

Now,

sin’l(éj = 53.13°
5



From the geometry of the Fig. 11.24,
BK = AB sin (90° - 0)
=100 sin (90° - 53.13°)
= 60 mm

ND = BK = 60 mm
60 60

FD = = =75 mm

sin® sin 5313
AF =150 - FD = 75 mm
Hence FL = ME =75 sin 8 = 60 mm

AE=FC=_ AB 100

cos(90-60) 08

about x — x axis

— =125 mm

MOMENT OF INERTIA OF AN AREA ]183'

/\/D\
//f”‘l\
LM

N

\Z/
// \iizz/

*/ /% 90° N\ /4 8=sin"'(45)

/

Moment of inertia of the section} _ {Sum of the moments of inertia of individual

triangular areas about x — x axis.

= Iprc + Irce + Irpa * Lags

125 x 60°
4
36

125 x 603
+
36

-+

125 x 60°
36

I, = 36 x 10° mm*

—><125x60x(60+;><60)

2
x 60
)(125X60Xk3 )

\2

2
x 125 x 60 x (—x60

+%x125x60x( 60|

Ans.

Example 11.11 Determine the moment of inertia and radii of gyration of the area shown in
Fig. 11.25 about the base A - B and the centroidal axis parallel to AB.

Solution. (i) MI about base AB.

It may be obtained as moment of inertia of triangle ABC minus moment of inertia of rectangle

about A - B.
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A -
100 ——
| All Dimensions in MM
Fig. 11.25
1 3 1 3 2
Lip=-— x100x90° - | ——x20x30 +20 % 30(30 + 15)
12 12
Le., Izp = 4.815 X 10° mm* Ans.

Tas _{ 4815x 10°

1/2
kas=y"a ~ %x100x90—20x30] = 3514 mm Ans.

(ii) MI about centroidal axis parallel to AB.
Let centroid be at a height i from base AB.

1 90 _
Then y = 2¥100x90 x5 ~20x30x(30+15)
1x100%90-20x% 30

= 27.69 mm
L, = MI of triangle about axis xx -~ MI of rectangle about axis xx

= -316- x 100 x 90° + ; x 100 x 90(30 - 27.69)*

i [113 x 20 x 30% + 20 x 30(45 ~ 27.69)2j|

ie., I, =1.8242 x 10° mm* Ans.

. M, _ 1.8242x10°
“ VA 1x100x90-20x30

ie, k., =21.63 mm Ans.
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Example 11.12 Determine centroidal the polar moment of
inertia of the plane area shown in Fig. 11.26.

Solution. Symmetric axis is taken as y - y axis and let
centroidal x - x axis be at a distance y from top fibre as
shown in the figure.

7t x 100°

[«-100 mm—b!

T
p
/ \
/

/
/
(¢~ 100 mm A

Fig. 11.26

Total area = 200 x 400 - = 72146 mm’
— _ Moment of area about top fibre
y = _____ —
Total area
200 x 400 x 200 - & x 127 x 100
- X AUX S O_fo“l el 210.9 mm
72146
I, = I, of rectangular area - I, of circular area
= _15 x 200 x 400% + 200 + 400 x (210.9 - 200)
4 2
- {?‘1109_, + T <1007 x (210.9 - 100)2:|
64 4
Hence, I, = 974.668 x 10° mm*
4
I =L %400 x 200° - X100
12 64

= 261.758 x 10® mm*
.. Polar moment of inertia
L.=I,+I,
= 974.668 x 10° + 261.758 x 10°

ie., I,, = 1236.426 x 10° mm*

I mportant Definitions

I
|
:

§
l—— 200 mm-———— |

Ans.

1. Moment of inertia of a plane figure is the moment of moment area i.e., second moment of

area.

2. Moment of inertia of an area about an axis perpendicular to its plane is called as polar

moment of inertia.

3. Radius of gyration is a mathematical term defined by the relation k = |/I/A, where [ is

moment of inertia and A is the area of plane figure.

4. Perpendicular axis theorem states that the moment of inertia of a given area about an axis
perpendicular to the plane (polar moment of inertia) through a point ‘O’ is equal to the
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sum of moments of inertia of that area about any two perpendicular axes through that
point, the axes being in the plane of the area.

5. Parallel axis theorem states that the moment of inertia of an area about any axis in the plane
of the area is equal to the sum of moments of inertia about the centroidal axis of the area
and the product of area and square of the distance of the centroid of the area from the
axis.

Important Formulae
L L, =3A Y5 1, =2A x5 1, = XA z?
k= JI/A or I = Ak?
IL,=1,+1,
= I + Auc

Expressmns for centroidal moment of inertia of the standard figures are as presented in
Table 11.1.

SNl I

. State and prove parallel axis theorem.
State and prove perpendicular axis theorem.

Sl e

Derive the expression for moment of inertia of a rectangle about its centroidal axis.

b

Derive the expression for moment of inertia of a triangle about its centroidal axis parallel
to base.

5. Derive the expression for moment of inertia of a circle of diameter ‘d" about its diametral
axis.

Problems for Exercise

11.1. ABCD is a square section of sides 100 mm. Determine the ratio of moments of inertia of
the section about centroidal axis parallel to a side to that about diagonal AC.  [Ans. 1]
11.2. The cross-section of a rectangular hollow beam is as shown in Fig. 11.27. Determine the

polar moment of inertia of the section about centloidal axes.
[Ans. [, = 1,05,38667 mm*; L, = 49,06667 mm?; I = 1,54,45334 mm’|
11.3. The cross-section of a prestressed concrete beam is shown in Fig. 11.28. Calculate the
moment of inertia of this section about the centroidal axes parallel to and perpendicular

to top edge. Also determine the radii of gyration.

[Ans. I, = 1,15668 x 10"’ mm*; k,, = 231.95 mm; ], = 8.75729 x 10° mm*; k,, = 201.82 mm]
11.4. The strength of a 400 mm deep and 200 mm wide I-beam of uniform thickness 10 mm: is
increased by welding a 250 mm wide and 20 mm thick plate to its upper flange as shown
in Fig. 11.29. Determine the moment of inertia and the radii of gyration of the composite
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Fig. 11.27 Fogg 1128

section with respect to centroidal axes parallel to and perpendicular to the bottom edge

AB.
[Ans. I, = 3.32393 x 10° mm* k,, = 161.15 mm; I,,, = 3,94,06667 mm®*; k,, = 55.49 mm]

11.5. The cross-section of a gantry girder is as shown in F1g 11.30. It is made up of an I-section

=ty 20

- —— A
‘ '1_—“**‘“:—’ A 10
> e 10
; i
|
400@ 1
% i
o
Y :i_:}liilo
l< — e
‘ D
Fig. i1.29

of depth 450 mm, flange width 200 mm and a channel of ;
size 400 mm X 150 mm. Thickness of all members is 10 | B
| MGG 0 | I
l 150

mm. Find the moment of inertia of the section about the
horizontal centroidal axis.
[Ans. I =4.2198 x 10° mm?]

11.6. A plate girder is made up of a web plate of size 400 mm x
10 mm, four angles of size 100 mm x 100 mm X 10 mm
and cover plates of size 300 mm x 10 mm as shown in : i
Fig. 11.31. Determine the moment of inertia about emdiameas ‘
horizontal and vertical centroidal axes. “W"

[Ans. I, = 535786 x 10° mm?; I,, = 6,08,50,667 mm"]

Fig. 11 230
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e —

T 0
4 Equal

Angles of Size
100 x 100 X 10 mm —»j.[«—10

400

Fig. 17.31

11.7. Determine the moment of inertia of the section shown in Fig. 11.32 about the vertical

centroidal axis. [Ans. I, = 5,03,82,857 mm’]

80

Y
Ve
)

—_

%

=

Fig. 14.32

11.8. A semi-circular cut is made in a rectangular wooden beam as shown in Fig. 11.33.

Determine the polar moment of inertia of the section about the centroidal axis.
[Ans. I, = 12053349 mm; I, = 1,00,45631 mm®; I, = 22098980 mm®)

150














































